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We investigate the scalar metric perturbations about a de Sitter brane universe in a 5-dimensionaI 
anti de Sitter bulk. We compare the master-variable formalism, describing metric perturbations 
in a 5-dimensionaI longitudinal gauge, with results in a Gaussian normal gauge. For a vacuum 
brane (with constant brane tension) there is a continuum of normalizable Kaluza-Klein modes, with 
m > ^H, which remain in the vacuum state. A light radion mode, with m — V2H, satisfies 
the boundary conditions for two branes but is not normalizable in the single-brane case. When 
matter is introduced (as a test field) on the brane, this mode, together with the zero-mode and an 
infinite ladder of discrete tachyonic modes, become normalizable. However, the boundary condition 
requires the self-consistent 4-dimensional evolution of scalar field perturbations on the brane and the 
dangerous growing modes are not excited. These normalizable discrete modes introduce corrections 
at first-order to the scalar field perturbations computed in a slow-roll expansion. On super-Hubble 
scales, the correction is smaller than slow-roll corrections to the de Sitter background. However on 
small scales the corrections can become significant. 

PACS numbers: 98.80.Cq, 04.50.-|-h 



I. INTRODUCTION 



If gravity propagates in extra spatial dimensions, while Standard Model fields are confined to the 3 observed spatial 
dimensions, then the observable universe could be described by a 3-brane in a 4 -f d-dimensional bulk spacetime 
(see Q, H, Q for reviews on the subject). At low energies, the extra-dimensional effects should be small in order 
to recover the successes of 4-dimensional general relativity, but at high energies these effects could be dominant. 
If the early universe included a period of inflation, then the extra-dimensional gravitational effects could introduce 
significant changes to the dynamics and generation of primordial perturbations at high energy. Any imprints left 
on the perturbation spectra will be constrained by increasingly high precision observations of the cosmic microwave 
background, providing in principle constraints on extra-dimensional theories. 

The study of general cosmological perturbations in brane-worlds is complicated because the motion of the brane in 
the higher-dimensional bulk makes it impossible, in general, to separate the evolution of different Kaluza-Klein modes. 
It is only possible to fix the brane location and obtain a separable wave equation for perturbations in the special case 
of a de Sitter (or Minkowski or anti-de Sitter) brane in 5-dimensional anti-de Sitter (AdS) spacetime This is 

useful as it provides a zeroth-order approximation for slow-roll inflation on the brane. In this case the behaviour of 
tensor ^ or vector [2] metric perturbations has been described, while neglecting matter sources on the brane. In 
particular one can estimate high-energy corrections to the spectrum of gravitational waves produced from vacuum 
fluctuations in the bulk spacetime during inflation 13. Wi fioj . 

The amplitude of scalar perturbations on the brane due to inflaton field fluctuations has also been estimated in the 
extreme slow-roll limit where the coupling of field fluctuations to bulk metric perturbations is neglected . Energy 
conservation on the brane is sufficient to ensure that there exists a scalar curvature perturbation for matter that is 
conserved for adiabatic density perturbations in a large scale limit In this limit, this approach by-passes the 

need to study bulk scalar metric perturbations coupled to matter on the brane. But we do need to understand the 
bulk metric perturbations in order to go beyond the zeroth-order slow-roll approximation (for partial attempts see 
Refs. Elllllll) and to distinguish 5-dimensional effects from a modified 4-dimensional theory (Note that the 
bulk metric perturbations are also needed in order to compute the Sachs- Wolfe effect, since the large-scale curvature 
perturbation does not determine the brane metric perturbations (13. .1^.) 

In this paper we investigate bulk scalar metric perturbations about a de Sitter brane. We first consider scalar 
metric perturbations in the absence of matter perturbations. In this case there are no normalizable light modes (with 
effective 4-dimensional mass < jH^) for a single brane but in the presence of a second brane there is a 
normalizable "radion" mode . We discuss how this discrete mode appears either as a displacement ( "bending" ) of 
the brane or as a bulk metric perturbation in different gauges. The radion is massless for two Minkowski branes p(]| | 
but appears as an "instability" for two de Sitter branes [l9l I21L 122 . , although the effect of the radion "instability" 
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on the brane becomes small on large scales |24j . 

We then go on to consider the bulk metric perturbations excited by scalar field fiuctuations on a single de Sitter 
brane as a first step towards calculating the effect of first-order slow-roll corrections on the exact de Sitter solutions. 
We show that scalar field perturbations can excite an infinite ladder of apparently tachyonic, normalizable bulk modes. 
However the boundary condition requires the self-consistent 4-dimensional evolution of scalar field perturbations on 
the brane and the dangerous growing modes, that one might expect to find for tachyonic modes, arc not allowed. We 
comment on the possible effect of metric backreaction upon the scalar fluctuations during inflation. 

We present our conclusions in Section IVTI 



II. RANDALL-SUNDRUM COSMOLOGY 

The Randall-Sundrum (RS) model El| provides the basis for a simple realization of the brane-world idea in cos- 
mology jlS nil • The background bulk is 5D AdS spacetime with a negative cosmological constant A5 and the 
brane has Friedman- Robertson- Walker geometry. For a general brane and bulk geometry, the 5D field equations are 

(^^^Gab+As^^W-O. (1) 

One can define an energy scale /i corresponding to the curvature scale of the bulk, via A5 = — 
The induced metric on the brane is 

gAB = ^^^gAB - nATlB , (2) 

where n"^ is the unit vector normal to the brane. The 4D matter fields determine the brane trajectory in the bulk via 
the junction conditions, by producing the jump in the extrinsic curvature at the brane. Without loss of generality, 
the surface energy-momentum on the brane can be split into two parts, T^i, — \g^v, where T^^ is the matter energy- 
momentum tensor and A is a constant brane tension. The junction condition with Z2-symmetry is then |2(Ti 12^ 



(3) 



where the extrinsic curvature of the brane is K^i, = g^gj^ ['■^Vc^d] and Kg is the 5-dimensional coupling of matter 
to gravity. The effective Einstein equations for the induced metric on the brane are then ^27j 



G lit/ 



E„ 



(4) 



where the effective 4D coupling of matter to gravity on the brane at low energies is given by K4 = and we have 
chosen the arbitrary constant A = G^/k^. As well as the high-energy corrections due to the tensor II^i^ which is 
quadratic in the energy- momentum tensor T^,^, the effective Einstein equations include a non-local contribution E^^, 
from the projection of the 5D Weyl tensor. 

In order to study inhomogeneous bulk metric perturbations, we choose a specific form for the unperturbed 5D 
spacetime that accommodates any spatially fiat FRW cosmological solution on the brane at y = 0, 

ds^ = -n^it, y)dt^ + a^it, y)dx^ + y)dy^ . (5) 

The scale factor on the brane is ao{t) = a{t, 0). The junction conditions for this background metric yield 



(A + p) 



{X-3P-2p), 



(6) 



where p and P are respectively the energy density and pressure associated with the homogeneous brane energy- 
momentum tensor T^^. 

Allowing arbitrary first-order scalar metric perturbations then gives the metric p9l Isof 



gAB 



+ 2A) a'^B^, nAy 

a'^B,, {(1 + 27^)4 + 2E^^j} a'^B. 



a'B 



b^{l + 2A. 



yyj 



(7) 



Note that we are using the common cosmological notation of scalar perturbations to denote scalars with respect to 
3-space slices at fixed t and y. 
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The perturbed energy-momentum tensor for matter on the brane, with background energy density p and pressure 
P, can be written as 



(8) 



where Sir' 



6t: 



this requires (see e.g. 



S) S tt'^ h is the tracefree anisotropic stress perturbation. Substituting in the junction conditions, 



SK] = -^{5p-V^5^)5) 



5 X ,i 
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The components of the perturbed extrinsic curvature in an arbitrary gauge are given by 



(9) 
(10) 

(11) 



5K] 



n' 1 . 



n! b' 



SK? = 



—A 



a / a \ 



(12) 



(13) 
(14) 



where a dot denotes a derivative with respect to time t and a prime a derivative with respect to y. Here we took 
into account the fact that the position of the brane is generaUy displaced from y = in a general gauge. The brane 
bending scalar f (i, x) describes the perturbed position of the brane. 

III. MASTER VARIABLE AND ALTERNATIVE BULK GAUGES 
A. 5D longitudinal gauge 

To eliminate any gauge dependence on the choice of 3-space coordinates we can work with the spatially gauge- 
invariant combinations 



-By + E' . 



(15) 



which are subject only to temporal and bulk gauge transformations. The bulk and temporal gauges are fully deter- 
mined by setting at = (Jy = 0, which we refer to as the 5D longitudinal gauge |2^I3 avoid possible confusion with 
quantities in the 4D longitudinal gauge on the brane. 

We can define the remaining metric perturbations in the 5D longitudinal gauge as 
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(16) 
(17) 
(18) 
(19) 
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These are equivalent to the gauge-invariant bulk perturbations originally introduced in covariant form in |35l ISg 
and in a coordinate-based approach in [3^ . The spatial trace part of the 5D Einstein equations simplifies in the 5D 
longitudinal gauge to 



A + n + Ayy = 0. 



(20) 



Mukohyama (SSj] (see also [Sg) was the first to show that the perturbed 5D Einstein equations, in the absence of 
bulk matter perturbations, ^^^SG"^ = 0, are solved in an AdS background if the metric perturbations are derived from 
a "master variable", f2: 
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(21) 
(22) 
(23) 
(24) 



The remaining perturbed 5D Einstein equations then yield a single wave equation governing the evolution of the 
master variable f2 in the bulk: 



9 nb^ 



(25) 



where k is the comoving wave-number along the brane, — fc^. Note that this is not the standard form for a 

5-dimensional wave-equation for a canonical scalar field. It can be re- written in a standard form by defining lo = a^'^fl 
but we shall work with the original variable introduced in js^ . 

The advantage of the master variable approach is that the 5D field H. describes all the degrees of freedom of the bulk 
scalar metric perturbations. In particular the perturbed brane location is directly related to the anisotropic stress 
by boundary conditions at the brane [see Eqs. and Hence any radion mode describing the perturbation in 

the relative distance between two branes must be encoded in the bulk metric perturbations. 



B. Gaussian normal gauge 

An alternative choice of gauge commonly used is a Gaussian normal (GN) gauge, where the bulk y coordinate 
measures the proper distance in the bulk, including first-order metric perturbations This requires the metric 

perturbations By, Ay and Ayy to vanish, but leaves a residual gauge freedom to pick the 4D gauge on any given 
constant-?/ hypersurface (analogous to the residual gauge freedom on a spatial hypersurface in the 4D synchronous 
gauge). 

At this stage, one must make a distinction between a general Gaussian Normal gauge defined as above and the 
particular brane Gaussian Normal gauge in which the above conditions are supplemented by the requirement that the 
brane lies at y = 0. 

A technique used to study the propagation of gravitational waves in a vacuum spacetime is to work in a (general) 
GN gauge in which the perturbations are transverse and tracefree in the background spacetime. The transverse and 
tracefree condition in a Gaussian normal gauge actually over constrains the problem except for the special case of a 
maximally symmetric 4D (anti-)de Sitter brane j29l |. 

When the 5D perturbations of the metric Hab = S'^^^gAB are transverse, (^V^ Hac = 0, and tracefree, '-^^g^^ Hab — 
0, the perturbed Einstein equations can be written as a wave equation, 

(5ta/i^B = 2(5)i?CAi5B/^^^, (26) 
where ^^^D — ^^Vc ^^V^. The background Riemann tensor in AdSs is given by 



(5)r - ^5 

'Kabcd — 
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^^Wc ^'■^Wd - ''^'^9 AD '^%BC 



(27) 
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Therefore to linear order in the metric perturbations, and enforcing the transverse and traceless conditions, the field 
equations in the absence of matter are given by 



AB 



-^As hAB 



(28) 



The tracefree condition, in a GN gauge, requires 

A + m-k^E (29) 
The transverse condition in general gives rise to four constraint equations, which can be written, using Eq. I|29(l . as 



k^B 



-2 + 
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-V 




n 1 



0, (30) 

B~B ~2A~m\ = 0, (31) 

0. (32) 

Unless {a/n)' = 0, i.e., unless a and n have the same y-dependence, the five constraint equations require that the four 
GN scalar metric perturbations are all identically zero. Using the background field equation '^^Gg — [see Eq. (^3)], 
this implies that it is only possible to use the transverse and tracefree GN gauge for a separable bulk metric, which 
corresponds to a Minkowski or (anti-)de Sitter brane given in Eq. H34|l . 

Thus, only in the special case of a (anti-)de Sitter or Minkowski brane, the wave equation H28|l gives an evolution 
equation for the scalar metric perturbation: 
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an 
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A+Z-A = A" + A- A' . 

a 



(33) 



and the remaining scalar metric perturbations can be deduced from the constraint equations (|29|l - l|31|l . The GN gauge 
choice necessarily eliminates the radion mode from the metric perturbations. In this gauge the radion in a two-brane 
system must be described instead as a relative perturbation of the coordinate position of the branes. 



IV. BULK GRAVITONS WITH A DE SITTER BRANE 



A. Separable background 

In order to solve for the ^/-dependence of the bulk gravitons and to study the time-dependence of the perturbations 
on the brane, we will consider the special case of a de Sitter brane (with constant Hubble rate H , energy density p 
and pressure —p) in an AdS bulk, which gives a separable form for the bulk metric 0, 

ds^ = N^{y) [-dt^ + al{t)dx^] + dy^ , (34) 

ao{t) = expiJt, N{y) = — sinh/i(yh - |y|) , (35) 

A* 



where y = ±j/h are Cauchy horizons, with 



j/h = -coth'i fl + ^) . (36) 



/i V A 



Any constant-y hypersurface corresponds to an exponentially expanding de Sitter slice for p > 0, giving a dS4 slicing 
of AdSs. The original RS solution [2^ with Minkowski spacetime on the brane (M4 slicing of AdSs) is recovered in 
the limit p/X — > 0, when N exp(— and j/h 00. At very high energies, p 3> A, deviations from the RS 
solution will be significant. The junction conditions in Eq. © require that p — — p = constant. This will be a good 
approximation to a potential-dominated scalar field rolling slowly down a sufficiently flat potential prj . 

It is often useful to work in terms of the conformal bulk-coordinate z = J dy /N(y): 

z = sgn(y)i7-i In [coth ip(yh - \y\)] ■ (37) 
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The Cauchy horizon is now at \z\ =00, and the brane is located at z = ±Zb, with 



The line element, Eq. (|34|) . becomes 



1 ■ ,-iH 
Zb = TT smh — . 



N{z) = ^ 



/isinhi? |z| 

In the RS limit, p ^ and ^ 0, so that ^ [1 + ^(|z| - Zb)]"^ 



(38) 

(39) 
(40) 



Master variable 



In the dS4 slicing of AdSs, the master variable wave equation H25|l reduces to 



N' 

n" - 2—n' = 

N 



(41) 



The solutions can be separated into eigenmodes of the time-dependent equation on the brane and the bulk mode 
equation, ^l{t,y;x) = J d^kdinarn{t)um{y)e^'^'^, where 



m 



fc2 



0, 
0. 



(42) 
(43) 



Note that the Hubble damping term ~3Ham has the "wrong sign", i.e., this is not the standard wave equation for 
a scalar field in 4D. We recover the RS solutions in the limit H ^ 0, p ^ 0, in which case (pm = exp(±ici;i), with 
cj^ = fc^ + m^, and Um can be given in terms of Bessel functions |2F 



If we write a,- 



l(pm and use conformal time 77 — —l/{aoH), Eq. (|42|) can be rewritten as 



Pn 



0. 



(44) 



This is the same form of the time-dependent mode equation commonly given for a massive scalar field in 4D de Sitter 
spacetime. The general solution is 



(45) 



where Z^, is a linear combination of Bessel fimctions of order v. The solutions oscillate at early-times/small-scales for 
all m, with an approximately constant amplitude while they remain within the Hubble radius {k ^ a,oH). 'Heavy 
modes', with m > continue to oscillate as they are stretched to super-Hubble scales, but their amplitude rapidly 
decays away, liyJ^I a~"^. But for 'light modes' with m < the perturbations become over-damped at late- 

times/large-scales (fc ^ ttoH), and decay more slowly: |(y9^„| oc a^"'^. 

Defining = N^^^^u^^^, it is possible to rewrite the off-brane equation (|43|l in Schrodinger-like form. 



dz^ 



where 



Viz) 



1^^N^z) + Ih' 



4sinh^(i7z) 



(46) 



(47) 



For z ^ 00 we have V and we have a continuum of massive modes above the mass gap > jH^ which 

become oscillating plane waves as z ^ 00. The time-evolution of the mode functions for these heavy modes, Eq. H45|l . 
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shows that they remain underdamped at late times, i.e., the continuum of massive modes is not excited by de Sitter 
inflation on the brane, as has previously been noted for vector and tensor modes. 
The general solution to the Schrodinger equation (|^ is (for y > 0) [S^l 

*™ = [sinhfi{yh~y)r'^^W,_i/2{cothn{yh~y)) - {sinhHz f ^ W,^i/2{cosh Hz), (48) 

where Wa is a linear combination of Legendre polynomials of order a. In a single-brane model, the normalization of 
the solution is determined by the condition 

/ |*„|2dz= / N-\^\^dy <oo. (49) 

Jzt Jo 

The general solution will be non-normalizable for light massive modes with m? < jH^ (which diverge as z — > oo). 
Modes with ni^ < jH^ are only normalizable if the boundary conditions at z = z;, allow us to kill the divergent 
part of the solution at z ^ oo. There are no such modes for a single vacuum de Sitter brane 0, but there is one 
normalizable light mode when a second de Sitter brane is present 

1. Boundary conditions at the brane 
In terms of the master variable, fl, in the AdS background with dS brane, the boundary conditions l|?^- Hll|l require 

n' - ^n) + 2H in' - ^n) ^ nlaoSP , (50) 



N J \ N ^ 

N' ■ 

r!'-— O = njaoSq, (51) 
/ . N' \ k"^ / N' \ 

_3i7 i^n' —nj -^(^^'- j = 4aoSp . (52) 

For a vacuum brane, STj^ = 0, these reduce to a single boundary condition on the master variable, 



N' 

n' = —n. (53) 



2. Radian mode 



The vacuum boundary condition 153|l is trivially satisfied for any z by the mode 

u,(xN, rr? =m\ = 2H^ , (54) 

which is a solution of the bulk mode equation (|43|l . The Schrodinger wave function ^'^ cx N^^^^ diverges as z ^ oo 
(where A'^ — > 0) so this mode is non-normalizable in the single-brane model. However in a stationary two-brane model, 
where the second brane is at any fixed Z2 > z^, this mode is normalizable (19l | and automatically obeys the boundary 
condition (|53l) for any Z2. 

We identify this mode as the "radion" , which exists in the two-brane model but is non-normalizable for a single 
brane. The time dependence of this mode is given by Eq. 145() with v = ^, 

ipr{ii, k) = y/-h]Zi/2{-kvi) , (55) 

and hence the master variable on the brane on large scales or at late times, for which k/aoH <C 1, is 

a - Cial + Caao . (56) 

The physical effect of the radion on the brane-world can be interpreted as an effective energy-momentum pertur- 
bation. The perturbed 5D Weyl tensor is felt on the brane through its projection SE^,y, which has an effective energy 
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and momentum density on the brane, given in terms of the master variable by [3C 



-n. 



3al 

3al \ao 



The time dependence of the radion mode on large scales gives the physical effect, from Eqs. ()57|I -H59 |) . as 



Ch f k Y C2 f k 
3 '''' [aoH J 3 [qoH 



k V C2 / fc ^ " 



9 \aoH 



Ci C2 



Go 450^ \aoH ^ 

In order to derive the contribution from the decaying mode, we expanded the solution for fij- as 



Jlj. = Ciflo + C2ao 



1 f k 
1 - - 



6 \aoH 



1 



120 \aoH 



(57) 
(58) 
(59) 

(60) 
(61) 
(62) 

(63) 



The decaying mode corresponds to dark radiation with isotropic pressure 6Pe = ^Sp, |38j |. but the dominant mode 
is supported by a non-negligible momentum density on large scales, driven by the anisotropic pressure exerted by the 
radion field [l9| . 



C. Gaussian normal gauge 

In the 5D longitudinal gauge, the radion is encoded as a discrete mode in the bulk metric perturbations. In the 
GN coordinates, the radion must be described instead as a relative perturbation of the coordinate position, i.e. the 
brane-bending scalar ^. In this subsection, we show that these two descriptions are equivalent. 

In the dS4 slicing of AdSa, Eq. reduces to 



1 / k'^ \ N' 

-—J A + 7HA + lOH^A +—A]+A" + A— A' = 0. 

This wave equation can be separated via A{t,y;x) — J cfik dm f„i{t)g,yi{y)e'^''''^ , as 

fc2 



m 



(64) 

(65) 
(66) 



Defining $,„ = N'^/^gm, we can rewrite the ofF-brane equation in the same Schrodinger-like form as Eq. H46|l . but with 
potential 



Viz) 



15 



4 sinh^(iJz) 4 



7H' 



(67) 



This is the same effective potential as for tensor perturbations 0. Again, modes with < < jH^ are not 
normalizable in a single-brane model unless the boundary conditions at z = Zb kill off the divergent part of the 
solution at 2; ^ 00. 
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1. Boundary conditions 

In the (general) GN gauge, the boundary conditions for metric perturbations, Eqs. l(^- H14fl . for the vacuum brane 
include a contribution from the brane-bending scalar ^: 



A' - -^+H^^, 
W = -Hi + H^^, 

The evolution equation for f can be derived from the ?/-derivative the traceless condition (|29|l . 

A! + 37^' - k^E' = 0, 

which yields 

e + 3i?^ - 4^2^ + ^ = 0. 
We note that the brane-bending has a tachyonic effective mass, w? = —AH^, for a de Sitter brane [T^l2]| . 

2. Radion mode 

It is possible to find a particular solution for A supported by the brane-bending scalar [39| 

Ait,y)^F{y) l^Ht) + , 



where F obeys 



N' , 2i?2 
F" + A—F' + —^F = 0. 

N 



Comparing this bulk equation with Eq. Ht)6|) . we see that the radion supports a discrete bulk mode with 
and F{y) is given by 

F{y) = Di coth^i{yh - \y\) + I?2 [l + coth^ ^(y^, - \y\)] , 



(68) 
(69) 

(70) 



(71) 



(72) 



(73) 
(74) 

(75) 



where Di and D2 are integration constants. The boundary condition H68() requires F'{0) — 1 and hence gives one 
relation between Di and D2. From the constraint equations we get the solutions for other metric perturbations: 
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E 



my) 

F{y)H 

_9 ? ■ 



(76) 
(77) 
(78) 



This mode is not normalizable in a single-brane model. In a static two-brane model, it becomes normalizable, and we 
need to consider the bending of the second brane, ^2- Then we replace ^ by ^ — ^2 in the final result and ^ — ^2 satisfies 
the same 4D wave equation as ^. As expected, the radion in a two-brane system is described as a relative perturbation 
of the coordinate position of the branes ^ — ^2- The radion supports a discrete bulk mode with = 2H'^. 



3. Projected Weyl tensor 



The equivalence of the two descriptions of the radion can be shown by evaluating the projected Weyl tensor. The 
effective energy-momentum tensor of the projected Weyl tensor is simply related to normal derivatives of the GN 
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metric perturbations |29| . 



N' 



N' 



The solution for ^ on large scales is 

£, = ClOo 



1 



1 



k V 1 / k 



6 \aoH I 24 \aoH 
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(79) 
(80) 
(81) 

(82) 



Then, from the solutions for the metric perturbations Eqs. (|73|l . H76(l - (|78|l . we can evaluate the projected Weyl tensor 
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sinh 

These agree with the results obtained using the master variable, Eqs. (|60|) - (|62|l . 



(83) 
(84) 
(85) 



V. SCALAR FIELD ON THE BRANE 

The simplest dynamical model of inflation on the brane involves a scalar field confined to the brane, which obeys 
the standard 4D wave equation on the brane: 



^ , dV 
D(j) = —. 



(86) 



In the original computation .11] of the spectrum of scalar perturbations generated by such a slow-roll brane inflation 
scenario, it has been assumed that, since the scalar field in this scenario is intrinsically 4D, the usual formula for 
the quantum fluctuations of a 4D scalar field should apply, giving (50 H/{2tt) at Hubble crossing. This should be 
valid for linear perturbations of a massless scalar field in de Sitter spacetime where the perturbations in the energy- 
momentum tensor are only second-order in the field fluctuations. On scales much larger than the Hubble radius at 
the end of slow-roll inflation, one can then calculate the curvature perturbation on uniform-density hyp ersurfaces 
which should be conserved, so long as energy is conserved on the brane, for adiabatic perturbations The only 

difference from the standard inflationary calculation of field fluctuations then comes from the fact that the background 
Hubble rate H is governed by the modified Friedmann equation p^ . 

However, one would like to check whether 5D effects could spoil this reasoning. In particular the inflaton perturba- 
tions are linked with the 5D metric perturbations at first-order in a slow-roll expansion via the junction conditions. 
In this section we investigate the nature of the scalar metric perturbations that are produced by field fluctuations on 
the brane. 



A. Bulk scalar modes 

In previous sections, we have seen that in a singie-brane model, there are no light modes for a vacuum brane, and 
that in a two-brane model the only light mode (with < jH^) is the radion mode. In this section we include 
matter perturbations on the brane and show, using the master variable to describe bulk metric perturbations, that 
the matter perturbations support an infinite ladder of normalizable modes. 

For the matter, we consider a 4D inflaton scalar field (f> with potential V {(/)). Scalar field perturbations have 
vanishing anisotropic stress at linear order, Sn = in Eq. Hll|) . and hence the boundary condition at the brane for 
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the ofF-diagonal part of the extrinsic curvature in Eq. 1)14(1 requires the brane position to be unperturbed = 0) in 
the 5D longitudinal gauge. In this case the 5D longitudinal gauge coincides with the 4D longitudinal gauge on the 
brane. The remaining boundary conditions for the master variable Q can then be written in the general form [iH l 



aoKjSp 



aoK^Sq 



n 



(87) 



uokIsp = n' — n + 2- 
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n 
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V a 


n ) 




\a) 








(89) 



where the brane matter perturbations on the left-hand sides will be expressed in terms of the scalar field perturbation 
6(p and of the induced metric perturbations in the 4D longitudinal gauge. 

For dV/d(t) ^ 0, the brane is no longer strictly de Sitter, but in order to make the problem tractable, we impose 
two approximations. The first is to assume zeroth-order slow-roll for the background, which means that in practice 
we consider the background as a strict de Sitter brane configuration. The second simplification is to ignore the brane 
metric perturbation contributions to 6p, 6P. In the standard 4D calculation, this latter approximation is known to 
be valid in the slow-roll limit in the 4D longitudinal gauge. In the present case, this can be justified only in retrospect 
once we have done the simplified calculation. 

With these two approximations, the junction conditions (|87|I -H89 |) reduce to 



N' ■■ 

N 



N' ■ 

-3H { n' - —n 



N' ■ 

2H{n' n 

N 



<p6(j)-V\(l))6(f> 



N' ■ 



fc2 

r,2 



N' 

n'-—n 

N 



^5(j) + V'{(l))5(j) 



(90) 

(91) 
(92) 



where the contributions from the induced metric perturbations on the right-hand sides are neglected. 
Defining 



T{t) = n' 



N' 



-a 



at the brane, and combining the junction conditions, we get a single evolution equation. 



(93) 



(94) 



This gives the boundary condition for the time dependence of the master variable il. From Eq. ((91(1 the scalar field 
fluctuation 6(j) is given in terms of J- by 



Then it can be verified that Eq. 1(94(1 is consistent with the equation of motion for 

fc2 



3HS(f>- 



;64> + V"{(f>)S<t) = 0, 



(95) 



(96) 



for an arbitrary V{4)), to lowest order (i.e., neglecting the metric perturbations). 

Assuming that (j) is slow-rolling, so that \(j>/(p\ <^ H in Eq. ((94(1 . the solution for is 



(97) 
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This should be compared with the time evolution of fl given by each of the mode functions am in Eq- H45|l . One might 
expect that the boundary condition can be satisfied by summing up mode functions only with positive m^. However, 
it turns out that this is not possible, and negative-m^ modes are unavoidable. We use the formulas for summation of 
Bessel functions, 

£(-1/ (2i+l) z-y'j,,^y,iz) = yj^, (98) 
These show that an infinite sum of mode functions 

9 

am ^ {-kii)-^'^ Ju{-kri) , where z/" = , (100) 

can satisfy the boundary condition imposed on !F. where the spectrum of KK modes is given by 

9 

777 

= -2(2^-l)(£+l) forCi, (101) 

9 

777 

= -2^(2£+3) forCa. (102) 

These modes include an infinite ladder of tachyonic modes with m? < 0. However, the boundary condition requires 
us to include only the decaying solution for these tachyonic modes. The dangerous growing mode solution is excluded 
once the junction condition is imposed. Thus there is no instability. 

We should choose the solution in the y-direction so that the metric perturbations remain small as j/ --> yh and the 
mode is normalizable for a single brane. Unlike the case of the radion mode for a vacuum brane, the test scalar field 
on the brane allows us to choose only the normalizable modes. The solution for Vl in the bulk is (for y >Q) 



ni,,y) = V2^ ^(-1)^ (2^+1) -"^^^(^^ -y} Qf^'^^iy^ " ^)) (-fc,)-3/v,,,,,,(-fc,) 

1^^/^o/? I ^^ smh^l(yh-y)Q2i+l{co\^^^J.{yh-y)) t i, t ( i. \ nn-i\ 

^ V 2j MQWi(coth/.y.) ^-'^^ ^ J2e^V2hk,), (103) 

where Qa is a Legendre polynomial of the second kind and is an associated Legendre function of the second kind. 
Using the asymptotic behavior of (5„(z), 



n(^)^V^^T^^(2^)"""' (for z^oo), (104) 
In' 



2J 

we can check that this solution is normalizable [see Eq. (|49|) ] . Thus if there is a matter perturbation on the brane, 
normalizable discrete modes are supported in a single-brane model. In the following discussion, we concentrate on a 
single-brane model. 

On large scales, krj 0, the Bessel function behaves as J^{—kr]) cx , so that the mode with smallest v, i.e. the 
mode with — 2H^, gives the dominant contribution in the Ci mode. Thus on large scales, the solution for il is 
given by the = 2H^ mode, 

^m.^=2H^ = Ciflo KVh - y) sinh fi{yh - y). (105) 
Then we can determine the solution for metric perturbations, 

7^ = -A \cii? cosh nyh. (106) 

The scalar field perturbation is also given in terms of Ci from Eq. H95|l , 

K5(50 = — ^Ci/isinh/it//i . (107) 
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The relation between scalar field and metric perturbations, 

2] 1/2 

1+1-1 , (108) 



7^ = -— K4^ff(5(?!) where K4 eff = Ks/i 



is the same as the standard 4D result, except for the high-energy correction of the 4D Newton constant. 

B. Metric backreaction 

We now investigate the corrections to the evolution of scalar field fluctuations which come from the effect of the 
metric perturbations that the field fluctuations themselves induce on the brane. 
We expand the scalar field perturbations in terms of slow-roll parameters, 

64>^64>o + 64>i + (109) 

where the zeroth-order order solution corresponds to the solution to Eq. H96(l . The first-order equation can be derived 
from the scalar field equation of motion (|86|l . 

(501 -I- 3i?(5(/)i + -^S(t>i = -V"S(t>a - 307^ - 2V'A , (110) 

where we have included the scalar metric perturbations in the 4D longitudinal gauge induced by the zeroth-order field 
fluctuations, S(j)o. 

The perturbed effective Einstein equations Q on the brane are given by 

1.2 

3Hn-3H^A + —n, (111) 



as 



(0(500 - y'(50o) 4- ^(JPB = -iZ^iHTZ + HA + SH^A - - — {TZ + A), (112) 
2 \ / 3 

kIStte = -\{n + A). (113) 
In order to evaluate the effect of metric perturbations, it is useful to use the Mukhanov-Sasaki variable, 

Q = s<j)-^n. (114) 

In terms of our slow-roll expansion, Eq. H109|l . we have Qo = <50o and Qi = (50i — {(f)/H)TZ. Then following we 
use the effective Einstein equations to derive the equation for Q, 

Qi+iHQi + —Qi=-V"QQ^QHQa + J, (115) 

where 

J = -'^{kHTTE + SpE) (116) 

Equation (|115|l is the same as the standard 4D equation except for the term J , which describes the corrections from 
the 5D bulk perturbations. We can evaluate the right-hand side using Eq. H103() for Vl on the brane. 

In order to evaluate J, we need to handle the infinite sum of modes. However, on large scales, it is possible to use 
the = 2H^ mode, Eq. (|105|l . to rewrite J in terms of Qp as 
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Here we should note that the leading-order time behaviour of the = 2H^ mode on large scales, Eq. I)105ll . 
disappears in J', so we need to take into account the next order solution. Then the m? = —AH^ mode gives a 
comparable contribution, but it gives qualitatively the same contribution as Eq. 1)118(1 . so we neglect it. To compare 
this correction with the standard correction term —6HQ0, we use the background equation 



H = --K 



(119) 



and fiyfi = sinh ^{fj,/H), to evaluate the ratio of these two corrections: 



J 



sinh 



-1 ii 
H 



-1/2 



(120) 



At low energies, H/ ji ^ 1, this ratio is very small on super-Hubble scales. Even at high energies, H/ ji ^ 1, the ratio 
is suppressed on super-Hubble scales, 



J 



(121) 



Thus we conclude that the corrections that come from bulk metric perturbations are always small compared with 
the corrections to the de Sitter geometry, i.e., H / H'^ corrections, on super-Hubble scales. 

But on sub-Hubble scales, the situation changes significantly. The correction becomes significant, and an infinite 
number of modes in Q, should be taken into account, because all modes become comparable. This indicates that the 
quantum theory of the Mukhanov-Sasaki variable on small scales is quite different from the standard 4D results that 
take into account slow-roll corrections. This is in line with the expectation that high-energy particles on the brane 
can couple to massive bulk gravitons and will be sensitive to the highcr-dimcnsional geometry. 



VI. CONCLUSIONS 



In this paper, we investigated bulk scalar metric perturbations about a de Sitter brane. In the absence of matter 
perturbations, we have confirmed that there are no normalizable light modes (with < jH^) for a single brane, 
but in the presence of a second brane there is a normalizable "radion" mode. 

In the 5D longitudinal gauge the coordinate positions of vacuum branes are unperturbed and the radion mode 
appears as a discrete bulk mode with — 2H^. In a Gaussian normal gauge, with transverse-tracefree condition, 
the radion appears as a relative perturbation of the coordinate position of the two branes. This "brane-bending" 
mode obeys a canonical 4D wave equation with a tachyonic effective mass, — — 4_ff^, as reported in previous 
analyses 0, I21I |2^ . The brane-bending supports a discrete bulk mode in the GN gauge |3p|, which again has 
m2 = 2H\ 

We have shown the equivalence of the descriptions in the two different gauges by evaluating the projected Weyl 
tensor on the brane. The radion appears as an "instability" for two de Sitter branes pjll2lll23i |. but the effect of the 
radion "instability" on the brane measured by the projected Weyl tensor becomes small on large scales p3 |. 

We then considered the bulk metric perturbations excited by scalar field perturbations on a single de Sitter brane. 
The = 2H^ mode together with the zero-mode and an infinite ladder of discrete tachyonic modes in the 5D lon- 
gitudinal gauge, become normalizable. Nonetheless the boundary condition requires the self-consistent 4-dimensional 
evolution of scalar field perturbations on the brane, so that the dangerous growing modes are not allowed. These 
normalizable discrete modes introduce corrections to the scalar perturbations computed in an effectively 4-dimensional 
approach. On super-Hubble scales, the to^ = 2H^ mode is dominant and the correction is smaller than the slow-roll 
corrections to the de Sitter background. Thus we have verified that there exists a scalar curvature perturbation C 
defined by 

C = t2' (122) 

<P 

that is constant on large scales [T^ Il3j |. even including lowest-order metric backreaction at high energies. However, 
on short scales, all the infinite ladder of discrete tachyonic modes become comparable. Thus the effect of backreaction 
could be large. This is consistent with the expectation that high-energy particles on the brane can probe the higher- 
dimensional gravity. 
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In 4-dimensional gravity we can incorporate first-order metric perturbations along with the field fluctuations in a 
gauge-invariant combination, the Sasaki-Mukhanov variable, Eq. (|114|l . which on small scales then obeys the wave 
equation for a single free field in fiat spacetime. In 5-dimensional gravity the short-wavelength field fiuctuations on 
the brane are coupled to an infinite ladder of bulk metric perturbations when we try to reduce it to an effective 
4-dimensional theory. 

A possible consequence could be the damping of the amplitude of quantum field fiuctuations on small scales during 
infiation on the brane, due to the excitation of the infinite ladder of discrete modes. To quantify this effect, we need to 
be able to handle the infinite summation of modes. This requires further investigation and we hope to report results 
in a separate publication. 
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